Theorem 1.1. (Gauss) Let p be an odd prime and set p ′ = (−1) (p−1)/2 p. Then there exist integer polynomials R(x, y) and S(x, y) such that
The goal of this note is to generalize this theorem. Denote a circulant matrix as circ(x 1 , x 2 , . . . ,
. . . . . . . . . . . . . . .
be the Legendre symbol, that is, for j ≡ 0 (mod p), j p = 1 or −1 according as j is or is not a quadratic residue mod p. A multivariable generalization of Theorem 1.1 follows. Theorem 1.1 is a special case of Theorem 1.2 with x 3 = · · · = x p = 0. Theorem 1.2. Let p be an odd prime and p ′ = (−1) (p−1)/2 p. Then there exist integer polynomials R(x 1 , x 2 , . . . , x p ) and S(x 1 , x 2 , . . . , x p ) such that
Specifically, one can take R(x 1 , x 2 , . . . ,
and ζ is a primitive p th root of unity.
Proof. It is well-known [4] that det(circ(x 1 , x 2 , . . . , x p ))
The choice of R and S given above then easily satisfy the desired equation,
The challenge now is to show that both R and S are polynomials with integer coefficients. Let p be a prime > 3, let p ′ = (−1) (p−1)/2 p, let ζ be a primitive pth root of unity, and let K = Q(ζ) be the cyclotomic field of pth roots of unity. For any integer k such that 1 ≤ k ≤ p − 1, define the mapping σ k on K by setting σ k (ζ) = ζ k and extending the map linearly. Then K is a Galois extension of degree p − 1 over the rational field Q with cyclic Galois group Let α = (r/p)=1 ζ r and β = (n/p)=−1 ζ n . A bit of algebra shows that Let n be a fixed quadratic nonresidue mod p. The nontrivial automorphism of Q(α) sends α to β. As A is not fixed by σ n , we see that σ n (α) = β. Hence,
It follows that A − B = g(α − β), where g has integer coefficients. Then, by previous work and a little more algebra, we see that α − β = ± √ p ′ . It follows that
a polynomial with integer coefficients.
In the case when p ≡ 1 mod 4, the functions R and S given in Theorem 1.2 are not unique. The Pell equation
has infinitely many integer solutions for any prime p (see [1] ). Since
any solution (x, y) to equation (2) may be used in conjunction with the solution (R, S) in Theorem 1.2 to produce another pair of polynomials
which make Theorem 1.2 work. Indeed, infinitely many such R and S exist. The polynomials R and S rapidly grow in size. For p = 5, one has
For p = 7, R has 84 terms and S has 56 terms. A simple application of Theorem 1.2 involves a determinant considered by Wendt in conjunction with Fermat's Last Theorem. The so-called Wendt determinant is defined by
E. Lehmer claimed (later proved by J.S. Frame [5, p.128] ) that
if n is an odd prime p, Theorem 1.2 implies 
